The complex magnetic and structural properties of Co-doped Ni-Mn-Ga Heusler alloys have been investigated by using a combination of first-principles calculations and classical Monte Carlo simulations. We have restricted the investigations to systems with 0, 5 and 9 at% Co. Ab initio calculations show the presence of the ferrimagnetic order of austenite and martensite depending on the composition, where the excess Mn atoms on Ga sites show reversed spin configurations. Stable ferrimagnetic martensite is found for systems with 0 (5) at% Co and a c/a ratio of 1.31 (1.28), respectively, leading to a strong competition of ferro-and antiferro-magnetic exchange interactions between nearest neighbor Mn atoms. The Monte Carlo simulations with ab initio exchange coupling constants as input parameters allow one to discuss the behavior at finite temperatures and to determine magnetic transition temperatures. The Curie temperature of austenite is found to increase with Co, while the Curie temperature of martensite decreases with increasing Co content. This behavior can be attributed to the stronger Co-Mn, Mn-Mn and Mn-Ni exchange coupling constants in austenite compared to the corresponding ones in martensite. The crossover from a direct to inverse magnetocaloric effect in Ni-Mn-Ga due to the substitution of Ni by Co leads to the appearance of a "paramagnetic gap" in the martensitic phase. Doping with In increases the magnetic jump at the martensitic transition temperature. The simulated magnetic and magnetocaloric properties of Co-and In-doped Ni-Mn-Ga alloys are in good qualitative agreement with the available experimental data. 
Introduction
Among ferromagnetic (FM) materials having acceptable magnetocaloric properties, Ni-Mn-Ga Heusler alloys have been widely investigated by experimental and theoretical methods in view of their potential applications as intelligent functional materials [1] [2] [3] [4] [5] . The multifunctional properties usually appear across a martensitic transformation due to the strong coupling of crystal structure and magnetic order. The shape memory effect and magnetic-field-induced strains [6] [7] [8] [9] [10] 12] , superelasticity [13] [14] [15] , magnetocaloric effect [16] [17] [18] [19] , as well as the spin glass and strain glass behavior [20] [21] [22] [23] are found among these multifunctional properties. Generally, the tuning of both, structural and magnetic transition temperatures, can be useful to achieve better functional properties. At present, this optimization problem of Heusler alloys is being intensively investigated.
There is an extreme sensitivity of the crystal structure of the martensitic phase with respect to composition in off-stoichiometric Ni 2+x Mn 1−x Ga or Ni 2 Mn 1+x Ga 1−x alloys [21, [24] [25] [26] [27] [28] , showing that in dependence of composition and thermo-mechanical treatments, the crystal structure of low-temperature martensite can be tetragonal or monoclinic, with five-layered modulation (5M) [29] , orthorhombic or monoclinic, with seven-layered modulation (7M) [30, 31] , or non-modulated tetragonal (NM) [32, 33] .
Recently, the crossover between tetragonal and orthorhombic structures in Ni-Mn-Ga with a structural transition temperature close to room temperature has been reported by Richard et al. [28] . The authors have observed that the mixed region, where both tetragonal and orthorhombic structures can coexist, is near compositions with 50 at% Ni and Mn content between 28 and 30 at%; whereas the samples with high Mn content display the orthorhombic structure (7M), while compositions closer to 50 at% Ni show the tetragonal (5M) phase; see Figure 1 . In addition, alloys like Ni 50 Mn 30 Ga 20 (Ni 2 Mn 1.2 Ga 0.8 ) exhibit a large magneto-crystalline anisotropy, which makes the alloy suitable for shape memory applications at room temperature, due to the exhibition of favorable structural ordering and twin-boundary motion.
A way to significantly improve the magnetic and mechanical properties of Ni-Mn-Ga alloys is related to adding a fourth element with the partial substitution of Ga, Ni or Mn. It should be noted that the fourth element should have a covalent radius and a valence electron concentration close to the parent elements of the alloy in order to avoid too large volume or strain effects. An interesting doping element is a transition metal element, like Co. In general, if the doping element decreases the overall valence electron concentration e/a, we expect that T m will decrease, too. Therefore, when Co (3d 7 4s 2 ) substitutes for Ni (3d 8 4s 2 ), e/a decreases, but is increased in the case of Co replacing Mn (3d 5 4s 2 ) or Ga (4s 2 4p 1 ). If using Co, it is expected that the Curie temperature will increase because of the strong ferromagnetic nature of Co. During the past decade, a series of investigations of the magnetic and structural properties of Co-doped Ni-rich and Mn-rich Ni-Mn-Ga Heusler alloys has been reported by different groups regarding the substitution of Co for Ni, Mn, as well as Ga. Since, in this paper, we present the results of ab initio calculations and Monte Carlo simulations of substitutional processes (mainly Co for Ni), we have gathered in Table 1 the investigations from the literature (without claiming to have a complete list of all investigations performed so far) [19, [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] . Figure 1 . Phase diagram of Mn-rich Ni-Mn-Ga alloys showing the region where tetragonal and orthorhombic structures may coexist at room temperatures (denoted as "mixed" [28] ). The dashed line indicates compositions with 50% Ni. The middle eigenvalue of the transformation matrix is marked in the panel and has been derived from measurements of the lattice constant of austenite and martensite [28] . An eigenvalue close to one indicates a possible coherent lattice invariant martensite-austenite interface. Table 1 . The variety of Co-doped Ni-Mn-Ga Heusler alloys that have been recently investigated.
Substitution of Co for Ni Substitution of Co for Mn Substitution of Co for Ga
Ni 2+x−y Co y Mn 1−x Ga Ni 2 Mn 1+x−y Co y Ga 1−x Ni 2 Mn 1+x Ga 1−x−y Co y x = 0.16, 0 ≤ y ≤ 0.09 [34] x = 0.16, 0.0 ≤ y ≤ 0.26 [40] x = 0, 0 ≤ y ≤ 0.25 [38] Ni 2+x−y Co y MnGa 1−x Ni 2+x Mn 1−y Co y Ga 1−x x = 0, 0 ≤ y ≤ 0.2 [46] x = 0.12, 0 ≤ y ≤ 0.56 [35] x = 0.24, 0.16 ≤ y ≤ 0.32 [36] x = 0.16, y = 0.088 [37] x = 0.24, 0 ≤ y ≤ 0.32 [36] Ni 2+x Mn 1−x−y Co y Ga x = 0.16, 0 ≤ y ≤ 0.17 [47] Ni 2−y Co y Mn 1+x Ga 1−x x = 0, 0 ≤ y ≤ 0.25 [45] T m increases, x = 0, 0 ≤ y ≤ 0.2 [38] x = 0, 0.03 ≤ y ≤ 0.2 [38] T C weakly changes x = 0.16, 0 ≤ y ≤ 0.16 [40] x = 0.16, 0.04 ≤ y ≤ 0.14 [34] x = 0.16, 0 ≤ y ≤ 0.13 [42] T m increases, x = 0.16, 0 ≤ y ≤ 0.4 [44] T C weakly changes x = 0.24, 0.20 ≤ y ≤ 0.24 [39] 0 ≤ x ≤ 0.11, 0.068 ≤ x ≤ 0.232 [37] 0.2 ≤ x ≤ 0.28, 0 ≤ y ≤ 0.36 [19, 41] 0.2 ≤ x ≤ 0.28, 012 ≤ y ≤ 0.32 [43] T m decreases, T C increases In general, it has been established that in Ni-Mn-Ga-Co compounds, the martensitic transformation temperature is found to increase with the substitution of Mn or Ga by Co and to decrease when replacing Ni by Co. Hence, the variation of the martensitic transition temperature follows the general trend that T m is proportional to the average valence electron number per atom (e/a) ratio. Concerning the Curie temperature, T C increases with the substitution of Co for Ni and shows a weak effect with non-monotonous behavior when Mn or Ga is replaced by Co. Interestingly, in samples with the substitution of Ga by Co, T C is almost independent of the doping concentration when the FM transition takes place in austenite, while it decreases with increasing x when the FM order occurs within the martensite [38, 46] . With respect to the critical value of Co content in the Ni sublattice for which the martensitic phase disappears, Cong et al. [35] have observed an abrupt decrease of T m when the Co exceeds 6% in Ni-rich Ni 2+x−y Co y MnGa 1−x (x = 0.12, 0 ≤ y ≤ 0.56), i.e., T m decreases drastically from 375 K to 236 K when the Co content changes from y = 0.24 to 0.32. In the alloys with y ≥ 0.4, no martensitic transformation was observed in the temperature range 188-573 K in the DSC measurements [35] . A recent study of Ni-rich Ni 2−y Co y Mn 1+x Ga x (x = 0.16, 0 ≤ y ≤ 0.4) performed by Pushin et al. [44] has shown that upon Co doping (up to y = 0.4), the structural transition temperature is found to decrease from room temperature to 6-10 K. Another interesting point is related to the possibility of inducing a paramagnetic gap in Ni 2−y Co y Mn 1+x Ga 1−x (0.2 ≤ x ≤ 0.28, 0 ≤ y ≤ 0.36) [41, 43] between weakly magnetically ordered martensite and FM austenite. As a result, a reverse magnetostructural phase transformation appears, which is accompanied by a positive change of ∆S (called inverse MCE). In addition, the inverse MCE across the magnetostructural transition from FM austenite to PM martensite was also found in quinary Ni 2−y Co y Mn 1+x Ga 1−x−z In z (0.26 ≤ x ≤ 0.28, 0.35 ≤ y ≤ 0.368, 0.08 ≤ z ≤ 0.132) [19, 48, 49] . With respect to the sequence of phase transitions in Co doped in Ni 2−y Co y Mn 1+x Ga 1−x , Segui et al. [50] have recently stated that the transformation sequence may depend on the quenched-atomic disorder of austenite i.e., poorly ordered alloys (L2 1 austenite) with a high e/a value show a A P M ⇔ M P M ⇔ M F M sequence, whereas disordered alloys (B2 austenite) display the A P M ⇔ A F M ⇔ M P M ⇔ M F M sequence; where A(M ) denotes austenite (martensite), respectively. On the other hand, for samples with a low e/a value, the transformation sequence changes from
In order to understand the influence of Co addition on the magnetic and structural properties of Ni-Mn-Ga more profoundly, several theoretical studies have been performed using model and first-principles calculations in the framework of density functional theory (DFT) [46, [51] [52] [53] [54] . Recently, Kanomata et al. [46] have analyzed the phase diagram of Ni 2 MnGa 1−y Co y (0 ≤ y ≤ 0.2) using a Landau-type free energy expansion in strain and magnetic order parameters. They observed that for optimal model parameters, the theoretical phase diagram reproduces the main features of the experimental phase diagram. On the basis of DFT calculations, Entel et al. [51] have studied the effect of Ga substitution by Co (3 at%) on the physical properties of Ni 2 MnGa, finding that the addition of Co causes an increase of magnetic moments and an increase of the energy difference between austenite and martensite phases. The estimated values of T C and T m were found to increase by 80 and 140 K, respectively.
The effect of Co content on the magnetic property and phase stability of Ni 2−y Co y MnGa (0 ≤ y ≤ 0.75) alloys has also been investigated by Chang-Long et al. [52] . They show that both the phase stability of austenite and the Curie temperature increase with increasing Co content. Similar investigations of the physical properties of Ni 2−y Co y MnGa (0 ≤ y ≤ 1) have been performed by Bai et al. [53] . They observed that the lattice parameter a of austenite decreases, while for martensite, a increases and c decreases with increasing Co content. Besides, the Curie temperature increases with Co content. Detailed ab initio investigations of Co-and Cu-doped Ni 2 MnGa along the tetragonal deformation path have been recently presented by Zeleny et al. [54] with substitution of Co for Ni and Cu for Mn or Ga with up to 12.5%. These simulations show that Co doping has a much stronger effect on the equilibrium (c/a) value compared to Cu. Moreover, the increase of Co content causes the equilibrium c/a ratio to decrease from 1.25 (0% Co) to 1.16 (7.5%), and a further increase of Co concentration up to 12.5% destabilizes the martensitic phase. The theoretical investigations widely confirm the experimental trends and properties of the Ni-Mn-Ga-Co alloys.
In this paper, we extend the zero-temperature first-principles calculations of Co-doped Ni-Mn-Ga within the DFT scheme to finite-temperature Monte Carlo (MC) simulations, where exchange coupling constants, magnetic moments, and anisotropy energy are taken from ab initio calculations. This allows us to simulate the temperature dependence of magnetic and thermodynamic properties, as well as the magnetocaloric effect of Ni-Co-Mn-Ga across a magnetostructural phase transformation.
Construction of the Model Hamiltonian
For the finite-temperature MC simulations of Co-doped Ni-Mn-Ga alloys, we employ the extended Potts-Blume-Emery-Griffiths Hamiltonian, which allows one to describe a system of interacting magnetic moments on a polycrystalline lattice. Each atom of the lattice is characterized by magnetic S i and structural σ i degrees of freedoms. Since the magnetic moment of Ga is about several orders of magnitude smaller than the magnetic moments of Mn, Ni, and Co, we consider only the structural degree of freedom for Ga. We would like to point out that in case of non-stoichiometric Ni 50 In order to describe approximately the effect of polycrystallinity (or multidomain magnetic states), we divided the three-dimensional simulation cell into 16 domains with random initial spin configurations. For the q-state Potts model, the spin configurations correspond to discrete spin states S i ∈ {1, 2, . . . , q}, where the maximum number of possible q states depends on a total spin moment S of an atom defined by the 2S + 1 multiplet. In each magnetic domain, all atoms have the same configuration as the variable S k , which defines the 'easy axis' and characterizes the action of magnetic anisotropy in each domain. Similar to the multi-domain Heisenberg model, all spins will be aligned with one another pointing in the same direction as enforced by the magnetic anisotropy. Hence, for the Heisenberg and Potts model, different domain magnetizations will approximately lead to zero total magnetization in a zero or low external magnetic field.
In this work, our main concern is the q-state Potts model in combination with the three state Blume-Emery-Griffiths (BEG) model, which was previously applied to Heusler systems [55, [60] [61] [62] [63] [64] [65] . Note that the Potts model is suitable for investigations of first-order phase transitions, as well as recrystallization problems, such as grain growth kinetics, grain size distribution and their topologies, etc. We would like to note that most of the formulas have already been published (see, [55, [60] [61] [62] [63] [64] [65] ), but for the sake of completeness and discussion, we briefly outline here the model Hamiltonian. In the Potts Hamiltonian Equation (1), the magnetic exchange interactions, magnetic anisotropy, and externally magnetic fields are specified by:
where J ij are the exchange coupling constants between magnetic moments µ i at sites i and j of cubic and tetragonal Heusler lattices. S i is the Potts' spin at site i, which can take on q integer values depending on the total spin moment S of an atom. The spin moment of Mn is S = 5/2; hence, we associate the 2S + 1 possible spin projections (-5/2, -3/2, -1/2, 1/2, 3/2 and 5/2) with the q Mn = 1 . . . 6 states. Likewise, we assume S = 1 (3/2) for Ni (Co), respectively, with the possible q Ni = 1 . . .
K ani is the magnetic anisotropic constant. H ext is the external magnetic field. µ B is Bohr's magneton, and g is the Landé factor. The values of J ij and magnetic moments µ i are obtained from ab initio calculations for austenite and martensite separately. The first Kronecker symbol, δ S i ,S j , restricts the spin-spin interactions to the interactions between the same S i states for Mn, Co and Ni. The coupling of the spin S i to the magnetic anisotropy energy K ani is specified by the second Kronecker symbol δ S i ,S k . Here, all spins in a domain have then the same q state as S k ; S k may be chosen to be different from domain to domain. The coupling to the external magnetic field is specified in the third term by S g , where we align all spins by choosing S g = 1 (H ext ≥ 0). i, j denotes here, for the magnetic interactions, a sum over neighbors up to the sixth coordination shell in the Heusler lattice. The structural part is described by the degenerated three-state Blume-Emery-Griffiths (BEG) model, which allows for a structural transformation from the cubic (austenitic) phase to the tetragonal (martensitic) phase,
where J and K are the structural coupling constants for the tetragonal and cubic states, respectively. The variable σ i defines the deformation state at each lattice site where σ i = ±1 and σ i = 0 specify the tetragonal and cubic phases, respectively. p is the degeneracy factor of the cubic phase that characterizes the number of structural variants. U 1 and U 2 are dimensionless magnetoelastic interaction constants. T is the temperature, and k B is the Boltzmann constant. The summation i, j is taken over nearest neighbor pairs only. We would like to point out that in previous work [60, [62] [63] [64] , we have used a slightly different term H el with respect to the action of the external magnetic field, where a shift of the structural transition temperature by the applied magnetic field had been modeled using the previous H el Hamiltonian (using only the U 1 parameter) for not too large magnetic fields. However, this is insufficient to model the martensitic transformation in the case of large magnetic fields. Therefore, we added to Equation (2) the second and third terms with dimensionless magnetoelastic constants U 1 and U 2 . Somewhat similar terms (η 4 e 2 mµ B H and η 3 e 2 (µ B H) 2 ) have been used in a Landau functional theory of elastic and magnetic interactions in [67] .
The coupling between the magnetic and structural subsystems is defined in terms of the magnetostructural interaction as:
where U ij are magnetoelastic interaction parameters. The total Hamiltonian, which is used in the Monte Carlo simulations, is then the sum of all terms,
For a halfway realistic description of low-isofield magnetization curves of the magnetocaloric materials as a function of temperature in polycrystalline Heusler alloys, we need to specify intra-domain, as well as inter-domain interactions. This issue is somewhat ambiguous, because magnetic domains are separated by domain walls in ferromagnetic materials by several tens of nm in width [68] , depending on the ratio of J ij and and K ani . Furthermore, one would have to take into account the magnetic dipolar interaction in a finite system in analogy to the interaction between magnetic nanoparticles. On the other hand, the number of atoms in the simulation cell used in the MC simulations is of the order of a few thousand of atoms giving rise to a length scale of ca. 50 nm, which is not much larger than the typical width of magnetic domain walls in metals. Therefore, for the sake of simplicity and computational time saving, we assume that spins belonging to neighboring domains do not interact in a zero magnetic field. Although this is a very crude approximation, it would be helpful to perform the MC simulations with the Potts model. However, for a finite magnetic field, we want to account for the competition of external and anisotropy fields. We use a very simple procedure by choosing a random number r ∈ [0, 1] and compare it with the probability containing the ratio of anisotropy and Zeeman energy,
Such that for r < W d , we take into account both the intra-domain and inter-domain exchange interactions using the J ij coupling constants; otherwise, only the intra-domain interactions are taken into account. Obviously, it follows from Equation (5) that in the case of a magnetic field, when the Zeeman energy is smaller than the magnetic anisotropy energy, W d becomes small and, effectively, a limited number of atoms will participate in the inter-domain exchange interactions, resulting in a small total magnetization. In the case of a high magnetic field, when the field energy is much larger than the anisotropy energy, W d approaches one, and all spins will participate in the inter-domain interactions aligning spins along the applied magnetic field. This leads to the disappearance of magnetic domains and to a maximum value of magnetization as a single crystal case. Magnetic (m) and strain ( ) order parameters of our extended Potts-BEG model are given by:
Here, N a is the number of Ni, Co or Mn 1 (2) atoms, N a max is the maximum number of identical magnetic states on the lattice, respectively, and q a is the number of Ni, Co or Mn 1(2) magnetic states. In the case of = 0, the austenitic phase is stable, while = 1 corresponds to the martensitic phase with one martensitic variant.
In principle, in Ni-(Co)-Mn-Ga Heusler alloys, cubic austenite (A) and tetragonal martensite (M) with different magnetic moments can coexist across the martensitic phase transformation. Therefore, in order to estimate the total magnetization, we take into account the volume fractions of both phases, which are related through the formula:
where f A(M) are the volume fractions of austenite and martensite, respectively. Finally, the total magnetization can be expressed as:
with:
Since the magnetic moment of Ga is much smaller than magnetic moments of Mn, Ni and Co, we can neglect the last term in Equation (9) . In the present paper, we consider two types of martensitic variants, which can be characterized by the elongation (σ i = +1) and contraction (σ i = −1) of the cubic lattice (σ i = 0) along one of the Cartesian directions during a temperature change.
In order to discuss the MCE of Ni-Mn-Ga-(Co) alloys, we must calculate the temperature dependence of the magnetic part of specific heat C mag and entropy S mag and the total specific heat C = C mag + C lat with magnetic and lattice contributions. We neglect the electronic part of the specific heat. For the lattice heat, we have used the standard Debye approximation [62] .
The isothermal entropy and adiabatic temperature changes with varying external magnetic field can be obtained from [60, [62] [63] [64] [65] ,
Here, S mag (T, H ext ) and S mag (T, 0) denote the magnetic entropy in the presence of magnetic field H ext and in a zero field, respectively.
Computational Details
The investigations of magnetic and magnetocaloric properties of Ni 50−y Co y Mn 30 Ga 20 (y = 0 and 5 at%) and Ni 41 Co 9 Mn 32 Ga 16 In 2 Heusler alloys have been carried out using electronic structure ab initio calculations and Monte Carlo simulations. In order to evaluate the magnetic exchange coupling constants, magnetic moments, and equilibrium magnetic reference states in Co-and In-doped alloys, we first performed ab initio calculations for the cubic L2 1 structure with lattice parameter a 0 = 5.85 Å and the tetragonal L1 0 structure with different tetragonal ratios, c/a, assuming that the volume of the unit cell does not practically change with structural distortion. The equilibrium lattice parameter a 0 was taken from our recent ab initio calculations [66] using the Vienna ab initio simulation package (VASP). In that work, we have done equilibrium energy calculations with tetragonal distortion c/a using 16- The calculation of exchange coupling constants has been performed for "ferro" and "ferri" configurations in austenite and martensite using the SPR-KKR package [69, 70] , where the Heisenberg coupling constants J ij are determinated by employing Liechtenstein's method [71] and the spin-polarized scalar-relativistic mode and atomic sphere approximation (ASA). Chemical disorder in the off-stoichiometric alloys was treated in the framework of the coherent potential approximation (CPA). The angular momentum expansion was up to l max = 3. In the self-consistency cycle and in calculation of J ij , 4,495 k points were generated by a k-mesh grid of {57, 57, 57}. All calculations were converged to 0.01 mRy of total energy. For the exchange correlation energy, we used the general gradient approximation (GGA) in the form of Perdew, Burke and Ernzerhoff [72] .
Subsequently, classical MC simulations were carried out in order to obtain the magnetic and magnetocaloric properties of Co-and In-doped Ni-Mn-Ga alloys as a function of temperature and magnetic field. The magnetic moments and exchange couplings obtained from ab initio calculations are used as input data. The MC simulations have been performed for a large enough simulation cell with periodic boundary conditions using the Metropolis algorithm [62] . Changes of the independent variables q Ni , q Co , q Mn 1(2) and σ i are accepted or rejected according to the single-site transition probability W = min{1, exp(−∆H/k B T )}.
As a time unit, we used one MC step consisting of N attempts to change the variables q Ni , q Co , q Mn 1(2) and σ i . We would like to remind the reader that in the case of multidomain structures, the procedure of acceptation of long-range interactions between spins from neighboring domains with probability W d (see, Equation (5)) is performed for each MC step before the procedure of acceptance or rejection of independent variables q Ni , q Co , q Mn 1(2) and σ i . A uniform random number r is chosen from the interval [0, 1] and compared with the probability W d : if r < W d , then interactions between randomly chosen atoms i and its neighbors from other domains are taken into account. Otherwise, if r > W d , the interactions between atom i and its neighbors located in the same domain are taken into account. For each temperature the properties (internal energy of the system H and magnetic m and structural order parameters) were analyzed allowing 5 · 10 5 MC steps and 10 4 thermalization steps. For simplicity, we consider only two martensitic variants, i.e., the degeneracy factor p = 2. Values of spin states (i.e., the q Ni , q Co , q Mn 1(2) variables) have been chosen randomly by using a number r with 0 ≤ r ≤ 1 and fixing q Ni , q Co , q Mn 1(2) according to the scheme: if 0 ≤ r ≤ l/3, then q Ni = l, l = 1, 2, 3, if 0 ≤ r ≤ k/4, then q Co = k, k = 1, . . . , 4, and if 0 ≤ r ≤ n/6, then q Mn 1(2) = n, n = 1, . . . , 6. We would like to note that part of the parameters used in the simulations, like magnetic exchange coupling constants J ij and magnetic moments µ i , have been taken from ab initio calculations, while the other parameters, like structural exchange couplings J and K, magnetoelastic interaction constants U ij , U 1 and U 2 and anisotropy constants K ani , have been used as fit parameters in order to reproduce the experimental martensitic transformation temperature and magnetization behavior in different magnetic fields. It is worth noting that the model values of anisotropy and magnetoelastic interaction constants are close to values obtained from experiments and ab initio calculations for Ni-Mn-Ga [73] [74] [75] . The model parameters listed in Table 2 and 3 allow, therefore, reasonable simulations of the MCE. We would like to add that in the case of Ni 41 Co 9 Mn 32 Ga 16 In 2 , the "ferro" spin configuration in austenite is more stable compared with the "ferri" spin configuration, because an increase in Co content leads to an enhancement of ferromagnetism, due to the strong FM exchange interactions between Mn and Co. Table 2 . Model parameters (in meV) for Co-and In-doped Ni-Mn-Ga alloys. Parameters U 1 and U 2 are the dimensionless constants. Table 3 . Magnetic moments (in µ B ) of Co-and In-doped Ni-Mn-Ga alloys for different structures obtained from ab initio calculations using the SPR-KKR package [69] . 
Computational Results and Discussion

Results of Ab Initio Calculations
In order to complete the magnetic characterization of Ni 50−y Co y Mn 30 Ga 20 (y = 0 and 5 at%) and Ni 41 Co 9 Mn 32 Ga 16 In 2 Heusler alloys, we now consider the J ij in Figure 2 and the electronic density of states (DOS) in Figure 3 of L2 1 and L1 0 Heusler structures for the two different spin configurations labeled "ferri" and "ferro" solutions. The corresponding J ij have been split into Mn 1(2) -X (X = Mn 1(2) , Mn 2(1) Ni, and Co) and Co-Y (Y = Co and Ni), respectively, where the index "1" refers to Mn atoms on the Mn sublattice and index "2" to Mn atoms on the Ga sublattice. For the J ij calculations, the SPR-KKR code and CPA [69, 70] have been used.
It is obvious from Figure 2 that the exchange coupling constant between neighboring atoms is very sensitive to the inter-atomic distance and drastically changes at crossover from L2 1 austenite to L1 0 martensite. In general, the strong competition between FM and AFM interactions leads to the oscillatory RKKY (Ruderman-Kittel-Kasuya-Yosida)-type of interactions.
With respect to the J ij interactions of austenitic Ni 50 Mn 30 Ga 20 in Figure 2a , we see that the Mn 1 -Mn 1 interaction in the first coordination shell is weaker compared to the following ones. In the first five coordination shells, the Mn 1 -Mn 1 interaction is FM, but becomes AFM in the sixth coordination shell. A similar behavior of Mn 1 -Mn 1 interactions has been observed for non-stoichiometric Ni 2+x Mn 1−x Ga alloys [56, 62] . The Mn 2 -Mn 2 interaction is AFM in the first coordination shell, otherwise it follows the trend of the Mn 1 -Mn 1 interaction. For the sixth coordination shell, the Mn 2 -Mn 2 interaction becomes also AFM. The Mn 1 -Mn 2 interaction is large with AFM interaction up to the forth coordination shell. The origin of large AFM Mn 1 -Mn 2 coupling is related to the shorter distance between Mn 1 and Mn 2 (d = 0.5a 0 ) compared to Mn 1(2) -Mn 1(2) (d = √ 2/2a 0 ). Regarding the Mn 1(2) -Ni interaction, it is clearly seen that these interactions are strongest in the first coordination shell and then fall off rapidly, which helps to stabilize the FM order. The individual magnetic moments are listed in Table 3 . The large value of J ij between Mn is due to the smaller Mn-Ni distance (d = √ 3/4a 0 ) in contrast to the indirect Mn 1(2) -Mn 1(2) coupling. Ga 20 . This is because the J ij calculations have been done for the "ferro" spin configuration due to the fact that the FM reference state is stabilized by increasing Co-content. The strongest Mn 1(2) -Co interactions are found in austenite of both Co-doped Ni-Mn-Ga alloys, as seen in Figure 2c ,e. This is also due to the short distance between Mn and Co atoms (in the case that Co substitutes for Ni).
Regarding With respect to the different behavior of the individual J ij , a detailed discussion has been presented in the literature byŞaşıoglu et al. [76] in the context of the Anderson model [77] . The magnetic behavior of the X 2 YZ Heusler alloys is governed by three types of interactions: (1) the magnetic J sd interaction between the localized d-and itinerant s−like electrons (this includes Coulomb exchange and hybridization); (2) the magnetic J dd exchange interaction resulting from the interaction between localized and itinerant d-like electrons; and (3) a superexchange-like interaction through the Z-(sp) electrons. The latter contribution is more important to the indirect exchange mediated mechanism. It is generally accepted that the indirect exchange interaction mediated by the (sp)-electrons of the Z-element gives rise to FM order, while the competing superexchange interaction mediated by the same electrons leads to AFM coupling of the Mn-spin moments in the Mn-based Heusler alloys [76, [78] [79] [80] [81] [82] [83] (although, as stated above, the shorter distance between Mn on its original sublattice and Mn on the Ga sublattice may have AFM contributions from direct magnetic exchange interactions). It should be noted that the Anderson (s − d)-impurity model for the formation of localized magnetic moments in a metal includes a hybridization term of strength V k , allowing one to promote electrons between the s-and d-states, as well as a local Coulomb term to avoid the double occupancy of the d-electron states [77] . Elimination of odd powers of V k by successive canonical transformations allows one to derive in a systematic fashion conduction-electron-mediated magnetic interactions between the periodically arranged magnetic impurities. In the fourth order of V k (i.e., eliminating terms of order V k and V above E F [76, 84, 85] . See Ref. [76] and the original literature [84, 85] for a more detailed discussion of these terms. In reciprocal space and at zero temperature, the (strength of) interactions have the following form:
where k = k + q + G (G is a reciprocal lattice vector), nk labels the band and momentum of the conduction electron Bloch state, d is the local energy of the d-electron level and V nk is the hybridization matrix element, which couples conduction and localized d-electrons (in the spirit of the Anderson model,
may be assumed to be of the order of the Hubbard U -energy [77] ). The J RKKY interaction is an oscillating function, and its magnitude is mainly determined by the topology of the Fermi surface and may become rather large in the pre-asymptotic region in the case of the Fermi surface nesting; also the DOS at E F determines its size. In the q = 0 limit, the interaction may be simplified to the limiting value given in Equation (15), where ρ(E F ) is the DOS at E F and E d is the energy required to promote an electron from the 3d level to E F . V 4 may be considered as an average over the Fermi surface. In fourth order, V 4 k , a second term appears, which describes the superexchange interaction given by:
which is more difficult to estimate without explicit numerical work. We would just like to mention that both types of interactions are simultaneously present in the Heusler alloys and contribute to the magnetic interaction. In the case of disordered alloys, we may find nearest neighbor Mn atoms at shorter interatomic distances, because Mn atoms on the regular Mn-sublattice may be surrounded by Mn on Xand Z-sublattices. This allows for a small overlap of Mn-3d wave functions, which will influence the magnetic interactions in addition to the contributions from Equations (15)- (17) . In this work, we have calculated the J ij by using the alternative method based on Liechtenstein' approach [71] for small rotations of the spin moments with frozen potentials, which expresses the exchange parameters in terms of KKR Green's functions for disordered alloys using the CPA. It is worth noting that the CPA neglects short-range correlations. In order to consider the short-range correlations in disordered alloys, we can take into account the so-called non-local coherent potential approximation (NLCPA). However, so far, this has not really been applied to the Heusler alloys, i.e., a detailed investigation of differences between the CPA and the NLCPA has not really been performed so far in the literature. It appears that the KKR-NLCPA provides a basis for systematically including environmental effects within an ab initio description of disordered alloys. The implementation proposed by Ebert et al. [86] is designed for the treatment of magnetically-ordered alloys. Although there are systematic deviations between NLCPA and CPA, the average NLCPA result, for example for the electronic DOS, is close to that obtained using the standard single-site CPA. The scatter of orbital magnetic moments is greater than for the spin moments. For Heusler alloys with their multi-lattices, it would be interesting to apply the NLCPA, which exhibits strong atomic short-range order effects; however, that is beyond the scope of the present paper, and we have only calculated the J ij by using the single-site CPA. However, we would like to point out that in full-Heusler alloys [87] , the short-range interactions have a minimal influence on the electronic structure; therefore, the CPA works well. In general, our results for the stoichiometric and cases of Ni 2 Mn 1+x (Ga, In, Sn, Sb) 1−x (see [55, 56, 58, 59, 62] ) agree well with those obtained by the frozen-magnon approach to Ni 2 MnZ (Z = Ga, In, Sn, Sb) [76, 78] , apart from small differences.
The calculated total and partial DOS for austenitic and martensitic phases of Ni 50 Mn 30 Ga 20 and Ni 45 Co 5 Mn 30 Ga 20 alloys are shown in Figure 3 . Obviously, substitution of 5 at% Co for Ni in Ni 50 Mn 30 Ga 20 does practically not change the general shape of the austenitic and martensitic DOS. The antibonding parts of the DOS around and above the Fermi energy E F have mostly contributions from Mn 1 3d states, while bonding parts and non-bonding parts have Mn 1 and Ni 3d contributions. Since the concentrations from Mn 2 and Co atoms are small, they contribute little to the total DOS. Nevertheless, in all cases, the small peak in the majority anti-bonding states observed above Fermi E F is caused by contributions from Mn 2 3d states. It is also found that the contributions from the Mn 1 and Mn 2 3d states to the total DOS are opposite of each other. For the majority DOS of Mn 1 , the main two peaks below E F are occupied, while for the minority DOS, the antibonding peak is above E F . On the other hand, the partial DOS of Mn 2 below E F and in the majority DOS above E F clearly have antiparallel alignment of their spin, which lowers the total magnetic moment. With respect to the partial DOS of Ni, we see that the majority and minority spin states are practically symmetrical, which results in the small magnetic moment of Ni. Another interesting point following from Figure 3 is related to the stabilization of the martensitic phase due to the formation of a pseudogap at the Fermi level. Figure 4 shows the change of DOS for the case that Co, In and Sn concentrations have been increased, showing no dramatic effect due to the increase of s, p electrons.
Results of Monte Carlo Simulations
We discuss now the MC simulations of Ni 50−y Co y Mn 30 Ga 20 (y = 0 and 5 at%) and Ni 41 Co 9 Mn 32 Ga 16 In 2 using the the extended Potts-Blume-Emery-Griffiths Hamiltonian. For Ni 50−y Co y Mn 30 Ga 20 , we used the magnetic exchange coupling constants J ij calculated for the "ferri" magnetic martensitic and austenitic phases, while for the Ni 41 Co 9 Mn 32 Ga 16 In 2 composition, we have used the J ij of "ferri" martensite and and "ferro" austenite. Figure 5 shows that the magnetization and strain order parameter coincide for various magnetic fields, pointing to the existence of a coupled magnetostructural phase transition. For Ni 50 Mn 30 Ga 20 , the magnetostructural phase transition in the vicinity of 370 K characterizes the transition from ferrimagnetic martensite to paramagnetic austenite. According to the MC simulations and suitably chosen model parameters, the Curie temperature of austenite, T Concerning the change of magnetization at low temperatures, we would like to note that the Bloch law of spin waves is not obtained for the magnetization in the Monte Carlo simulation [88] . This is a well known result known from spin-fluctuation theories, where the magnetization at low temperatures decays in a linear manner with temperature. However, from the diagonalization of the matrix of the ab initio exchange coupling constants, we may obtain, in a mean-field-like fashion, the excitation spectrum (magnon spectrum). This has been done for stoichiometric Ni 2 MnGa, but not systematically, in order to incorporate the influence of chemical disorder. Therefore, this has not been included in the paper. Therefore, the isofield-magnetization curves have not been corrected by retaining collective magnetic excitations.
In Figure 6 , we present the theoretical temperature dependence of the total specific heat of Ni 50 In 2 are 1,720 J/(kg K), 1,640 J/(kg K) and 1,610 J/(kg K), respectively. In general, the theoretical specific heat curves are in qualitative agreement with the experimental data. The slight difference in specific heat values for the In-doped sample can be explained by the abrupt change in the theoretical magnetization across the martensitic transformation in comparison with experimental magnetization behavior, which was more smoothly changed at T m [19] . Figure 7 . The curves have been obtained by integrating corresponding specific heat curves using Equation (12) . We notice that for Ni 50 Mn 30 Ga 20 , the magnetic part of entropy decreases in a magnetic field of 2 T compared to the entropy in a zero field at the same temperature. Besides, the entropy curve is shifted towards a higher temperature by the magnetic field. This feature is typical for magnetic materials showing an FM-PM transition. In contrast, for Co-and In-doped alloys, the entropies in a magnetic field are larger than the entropies in the zero field in the vicinity of the magnetostructural phase transition. Moreover, a magnetic field shifts the entropy curve towards a lower temperature. This points to a metamagnetic phase transition. [19] , while for the Ni 41 Co 9 Mn 32 Ga 16 In 2 alloy, the data have been taken from [48] . The final computational results for the MCE, isothermal magnetic entropy change ∆S mag and adiabatic temperature change ∆T ad as a function of temperature and magnetic field change from 0 to 2 T are shown in Figure 8 for Ni 45 Ga 20 , the value of ∆S mag is negative, while the value of ∆T ad is positive at the transition temperature. This is a feature of the conventional MCE related to the coupled magnetostructural phase transition from magnetically ordered martensite to magnetically disordered austenite. In contrast, for Co-and In-doped alloys, we observe the inverse MCE characterized by ∆T ad < 0 and ∆S mag > 0. In order to compare the theoretical values of MCE with experimental ones [19] , we have also inserted the experimental MCE curves by dashed lines with open symbols in Figure 8 . It is obvious from Figure 8 that there is a qualitative agreement between the theoretical results obtained in the framework of ab initio calculations and MC simulations using the Potts-BEG model and the experimental data. The slight difference in MCE values between theoretical and experimental results can be attributed to the abrupt change in the theoretical magnetization curves across the martensitic transformation compared with the 'softer' experimental magnetization curves, which change smoothly across T m [19, 48] .
Conclusions
In this paper, we presented a theoretical study of the magnetic and magnetocaloric properties of Coand In-doped Ni-Mn-Ga alloys by combining ab initio calculations and Monte Carlo simulations. In the first step, we have done the first-principles calculations of magnetic exchange coupling constants and DOS of Ni 50−y Co y Mn 30 Ga 20 (y = 0 and 5 at%) and Ni 41 Co 9 Mn 32 Ga 16 In 2 alloys for different structural and magnetic configurations. Our previous results have shown that ferrimagnetic order is favorable for both austenitic and martensitic phases in Ni 50−y Co y Mn 30 Ga 20 , while for Ni 41 Co 9 Mn 32 Ga 16 In 2 , the ferromagnetic reference state in austenite and the ferrimagnetic reference state in martensite are favorable. For all alloys, we have found the strong competition of FM and AFM exchange interactions in the martensitic phase. The addition of Co leads to very large FM interactions between Mn and Co in the austenite phase, whereas for the martensite phase, these interactions are smaller by half those for austenite. In the second step, in order to obtain the finite temperature dependence of the magnetic and magnetocaloric properties of Ni-(Co)-Mn-Ga-(In) alloys, we have used the values of exchange couplings and magnetic moments as input parameters for the microscopic Potts-BEG Hamiltonian. As mentioned before, the addition of Co to Ni-Mn-Ga alloys results in the splitting of coupled phase transitions at the Curie temperature. As a result, the paramagnetic gap in the vicinity of the martensitic transformation temperature and the metamagnetic behavior of magnetization across the martensitic transformation are observed. Concerning the Curie temperatures, T A C is found to increase, whereas T M C decreased with increasing Co content. This behavior can be attributed to the stronger Co-Mn, Mn-Mn and Mn-Ni exchange couplings in austenite compared to the weaker ones in martensite. Moreover, the crossover from a direct to inverse magnetocaloric effect in Ni-Mn-Ga is achieved due to the substitution of Ni by Co, resulting in the appearance of a paramagnetic gap in martensite. Simulation of the magnetic and magnetocaloric properties of Co-doped Ni-Mn-Ga are in a good qualitative agreement with the available experimental data.
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